
Theory of probability and random graphs – HW9 

Q1. Solution: 

E[𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑚𝑜𝑛𝑜𝑐ℎ𝑟𝑜𝑚𝑎𝑡𝑖𝑐 𝑐𝑜𝑝𝑖𝑒𝑠 𝑜𝑓 𝐾𝑘  𝑓𝑜𝑟 2 − 𝑐𝑜𝑙𝑜𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝑒𝑑𝑔𝑒𝑠 𝑜𝑓 𝐾𝑛] = 2 ∗ (
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we remove 1 vertex from each above monochromatic copies of 𝐾𝑘, we will have a 𝐾𝑥: 𝑥 = 𝑛 − (
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) 2
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)
. And there 

are no monochromatic copies of 𝐾𝑘. 

 

 

Q2. Solution: 

Use the derandomization technique mentioned in the class. Choose each assignment that makes total number of 

monochromatic copies below its expectation. 

Algorithm 1 find monochromatic 𝐾4 

𝑒𝑑𝑔𝑒𝑠 ∶= 𝑥1, 𝑥2, … , 𝑥𝑚 

𝑐𝑜𝑙𝑜𝑟 𝑐ℎ𝑜𝑖𝑐𝑒𝑠 ∶=  𝑣𝑘 ∈ {0,1} 

𝐟𝐨𝐫 𝑘 = 1 𝐭𝐨 𝑚 𝐝𝐨 

𝑥𝑘 = argmin
𝑣𝑘∈{0,1}

𝐸[total number of monochromatic 𝐾4|𝑥1 = 𝑣1, ⋯ , 𝑥𝑘−1 = 𝑣𝑘−1, 𝑥𝑘 = 𝑣𝑘] 

end for 

 

 

Q3. Solution: 

similar idea 

Algorithm 2 permutation 𝜎 

𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 𝑉 ∶= {𝑣1, 𝑣2, … , 𝑣𝑛} 

𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑒𝑑 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 𝑋 ∶=  {𝑥1, 𝑥2, … , 𝑥𝑛} 

𝐟𝐨𝐫 𝑘 = 1 𝐭𝐨 𝑛 𝐝𝐨 

𝑥𝑘 = argmax
𝑥𝑘∈𝑉\{𝑣1,𝑣2,⋯,𝑣𝑘−1,𝑁(𝑣1),𝑁(𝑣2),⋯,𝑁(𝑣𝑘−1)}

𝐸[𝑆(𝜎)|𝑥1 = 𝑣1, ⋯ , 𝑥𝑘−1 = 𝑣𝑘−1, 𝑥𝑘 = 𝑣𝑘] 

end for 

 

 


